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Exercises on Background Maths 


This set of exercises develops some key mathematical skills. It will be a great advantage in studying The Quantum 
World if you can carry out calculations like these accurately and fluently. The skills in Exercises 1.1 — 4.2 are all 
relevant for Book 1. The skills in Exercises 5.1 — 5.3 are needed for Book 2 and those in Exercise 4.3 are needed 
for Book 3. 


To gain maximum benefit, it is important to attempt each question thoroughly before looking up the solution. If you 
need more help with the techniques used in a particular answer, have a look on the course website to see if a 
screencast solution is available. 


Topic 1 — Algebra and vectors 
Exercise 1.1 Given that 
A+B=a 
A-B= £0, 
find B/A and C/A in terms of a and £. 


Exercise 1.2 Solve the equation 


e+1\/? a+b 
x—1 ab’ 


where a > b > 0, expressing x as a simple function of a and b. 


Exercise 1.3 Given two vectors, a and b, each of unit magnitude with an angle of 7/4 radians between their 
directions, evaluate (a) u - v and (b) |u X v|, where u = a+ b and v = a — b. 


Topic 2 — Complex numbers 


Exercise 2.1 Show that 
2 


ik 
1k +Q =i 


ik— qa 


where k and a are real. 
Exercise 2.2 Solve e'” = —1 for z. 


Exercise 2.3 Given that z = Aet? + Be~’, where 0, A and B are real, find |z|? in terms of A, B and cos 8. 
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Topic 3 — Differentiation 


q? ld d 
Exercise 3.1 Evaluate: (a) —> Gas (b) => (r?—e-"/* |, where a is a constant. 
dx? r2 dr dr 


Exercise 3.2 Use calculus to find the minimum value of 
A 
— 4 Br? 
f(a) = + Ba 
where x is a real variable and A and B are positive constants. 


Exercise 3.3 Given a function f(x,y,z) = sin(ax) sin(by) sin(cz), where a, b and c are constants, find 


8? an a? 


Hence show that f(x,y,z) is an eigenfunction of the operator 8? /3x? + 8? /Əy? + 0?/0z?, and find the 
corresponding eigenvalue. 


Topic 4 — Integration 


Exercise 4.1 Given that 


T 3 oo 
f u?sin? udu = — -2 and / ue du = a 
0 6 4 2 


=po 


evaluate the integrals 


L/3 co m2 
(a) I= f r? sin? (=) dx (b) J= / z e72?/a? dz, where a and b are positive constants. 
0 —oo 


Exercise 4.2 In this question, f(x) is an even function and g(x) is an odd function, so f(—x) = f(x) and 


g(—2) = —g(x) for all x. Which of the following integrals can immediately be recognized as being equal to zero? 
a a 
d 
n= f ga)ar =| fe) Sa 
0 —a T 
a a df 
I= | f(x) g(x) dx Ig= | g(x) T dx 
za —a 
a a df 
B= | Pesad = f fay Za 
=a = 


where a is a positive constant. 


Exercise 4.3 Find the volume integral of f(r, 9,¢) = r sin 0, where r, 6 and ¢ are spherical coordinates, over 
the interior of a sphere of radius R centred on the origin. You may use the fact that 


TO j T 
0d = —. 
f sin* 6d 5 


Topic 5 — Matrices 


Exercise 5.1 Evaluate 
ak IE 
Exercise 5.2 Given the matrices 
A= i 4 and B= E =) 
evaluate AB — BA. Do the matrices A and B commute with one another? 


Exercise 5.3 The matrix 


asia 


has eigenvalues 9 and —1. Find normalized eigenvectors corresponding to each of these eigenvalues, and show 
that these two eigenvectors are orthogonal. 


Solutions 

Topic 1 — Algebra and vectors 

Solution 1.1 Given that 
A+B=aC 
A-B-= pC, 

we multiply the first equation by 8 and the second equation by a to obtain 
BA + BB=aBC = aA — aB. 

So, eliminating C, 


(a + 8)B = (a - 8) A 


and 
B a-g 
A at 6 
Also, adding the two given equations gives 2A = (a + 3)C, so that 
C 2 
A at B 


Comment To find B/A in terms of a and 3, we must eliminate C. The first steps in the calculation do this, 
giving an equation involving A, B, a and 8 which can be rearranged to find B/A. Similarly, to obtain an 
expression for C/A, we eliminate B. 


Solution 1.2 Squaring both sides of the equation gives 


r+1 (a+b)? 
xr—1 (a-b)? 


So 
(x+ 1)(a — 6)? = (xz — 1)(a + b)’. 
Collecting terms in x then gives 


x|(a + b)? — (a — b)’] = (a — b}? + (a + b)?. 


Using 
(a+b)? =a” +2ab+b and (a-b) =a? — 2ab+ b’, 
we then have 
4abr = 2a? + 2b? 
so 
ce 
2ab ` 


Comment The quantity we want (x) is buried inside other functions. The first steps in the calculation are 
designed to unwrap 7v, so that it appears by itself. Squaring both sides of the initial equation is a good start. We 
then multiply by (a — b)? and (a + b)? and collect terms in z. 


Solution 1.3 (a) For the scalar product, 
u.v = (a+b). (a-b) 
=a-a+b-a—a-b—b-b 
= lal? — |)? =0 
because a - b = b- a and both a and b have the same magnitude, 1. 


(b) For the vector product, 
u x v = (a+ b) x (a—b) 
=aXa+bXa-aXb-bxXxb 
=2bXa 


because the vector product of any vector with itself is zero and a X b = —b X a. Hence, 


1 
lu X v| = 2absin(T/4) = 2 x 1 x 1 x — = V2. 


v2 


Comments (1) We can multiply out brackets involving scalar and vector products in the usual way. In the case 
of vector products, we must be careful to preserve the ordering of the vectors: a-b = b- a buta X b = —b Xa. 


(2) The result for the scalar product does not rely on the value of the angle between a and b. In fact this result 
proves a theorem in geometry: the diagonals of a rhombus (a sheared square) are perpendicular to one another. 


Topic 2 — Complex numbers 


Solution 2.1 We have 

2 (ik ta\* (ik ta 
~ \ik-a ik— a 
_ -—ik+a ik+a 
© \-ik-a) \ik-aj` 


Swapping denominators, this gives 


? (-ikta\ f ikta 
 \ ik-a —ik-—a 


= (-1) x (-1) =1. 


ikt+a 
ik— a 


ik+a 
ik— a 


Comment To find |z|?, we use the fact the |z|? = z*z, where the complex conjugate z* is found by making the 
replacement i — —i throughout z. 


Solution 2.2 Any complex number can be written as re’. In particular, we have e" = —1, and more generally 
ei(t+2n7) — _1, where n is any integer, so the solutions for x are x = (2n + 1)z, where n is an integer. 


Alternatively, write 

e? = cosg +isinz, 
and require that cos x = —1 and sin x = 0. The solutions to the second equation are x = mr, where m is an 
integer, but only odd multiples of 7 satisfy the first equation, so we again conclude that x = (2n + 1)r, where n is 
an integer. 


Comment In pictorial terms, e'” represents a complex number, obtained by an anticlockwise rotation of 0 
radians in the complex plane starting from 1. Clearly, we reach the point —1 in the complex plane if and only if 
6 = (2n + 1)z, where n is an integer (positive, negative or zero). 


Solution 2.3 With 6, A and B real, we have 
|z|? =2*z 
= (Ae d Be~'®)* (Ae® + Be~’) 
= Cm 4 Be'*) (Ac + Be™’) 
— A? + B24 AB ae + 7] 
= A? + B? + 2ABcos(26). 
Using 
cos(20) = cos? 0 — sin? 0 and cos?@+sin?6=1, 
we have cos(20) = 2 cos? 0 — 1, so 
|z|? = A? + B? + 2AB(2cos?° 0 — 1) 
= A? + B? — 2AB + 4AB cos? 6 
= (A — B)? + 4AB cos? 0. 


Comments (1) We use the fact the |z|? = z*z and have taken A* = A and B* = B because A and B are real. 
After multiplying out the brackets, the complex exponentials are combined in the usual way: 


eemi? 00) — e0 = 1 
and 


eei? = 2i0 


e and ee? — ei. 


(2) Our answer can be checked by looking at a simple case. Setting 0 = 0 in the final answer gives 
|z|? = (A — B)? + 4AB = (A+ B)?, which is clearly correct in this special case. 


Topic 3 — Differentiation 


Solution 3.1 (a) We have 


d d( — ax? 
= (e=) =e x Ueu = —2ag e77 
Differentiating again, 
d? / _ 2 d ora 
agile") = ge) 
= =e" + (—2ar) e7" 
= (a — a jema 
(b) 
id p24 e-r/a id nae 
r2 dr r r2 dr a 
1 Qr rÊ\ OD 
=a (2+5) 


Il 
"a 
S| = 

| 
JE 
Se” 

oO 

1 

Ti 

i=} 


Comments (1) In calculating these derivatives we have used the chain rule. Taking the derivative of any 
exponential function delivers the same exponential function back again, but we must remember to multiply by the 
derivative of the contents of the exponential function. 


(2) The derivatives evaluated here are used in quantum mechanics — the first in the context of a harmonic oscillator 
(Book 1 Chapter 5) and the second in the context of a hydrogen atom (Book 3 Chapter 2). 


Solution 3.2 Differentiating with respect to x, and setting the result equal to zero gives 


af a/fA ., 2A 
j dz dz (= Ta ) ve 
so zt = A/B. 


The second derivative is 
d? f d 2A 6A 
— = — | -— + 2Br | = — + 2B, 
dr? dz ( a 7 x) a H 

and this is equal to 8B > 0 at the stationary point, so the stationary value is a minimum. 


Substituting z? = ,/A/B back into expression for f(x), we conclude that the minimum value of f(x) is 
|B JA 
fmin = (a are 5) = 2V AB. 


Comments (1) To find the value of x that minimizes a function f(x), we form the derivative df /da and set this 
equal to zero. 


(2) To show that we have found a minimum (rather than a maximum or a point of inflection) we form the second 
derivative d? f /dx? and confirm that this is positive at the stationary point. Alternatively, we can sketch a graph of 
f(x), which in this case will indicate that f(a) has a minimum but no maxima or points of inflection. 


Solution 3.3 We have 


— sin(ax) = acos(az) 
Ox 


2 ð 
eat ~~ —_ 2 
za sin(ax) pm (a cos(ax)) a° sin(ax), 
so 
2 ə . : 
gat (* y,z) = a2 sin(ax) sin(by) sin(cz) 


= = sin(ax) sin(by) sin(cz) 


= —Q? sin(ax) sin(by) sin(cz) 
Z —a?° f(x,y, z): 


Similar results apply for the partial differentiations with respect to y and z: 


2 fag 
2a 2 2 Ea La 2 
g n2) of(z,y,2) and Dof(x,y,2) =- f(x,y, 2). 


We therefore conclude that 


2 ə æ 82 oe o? 
(ti) f(x,y,z) = ap m2) ap Ona + galley 2) 


= —a* f(x,y, z) a b? f(x,y, z) z 2 f(x,y, z) 
= —(@ +b + Ê) f(z, y, 2). 
This shows that f(x,y, z) is an eigenfunction of 8? /3x? + 8? /3y? + 8? /32? with eigenvalue — (a? + b? + c?). 


Comments (1) When 02/02? + 0?/dy? + 07/02? acts on a function, the result splits into a sum of three 
second-order partial derivatives. When partially differentiating with respect to x, all other variables (including y 
and z) are treated as constants, and similar remarks apply to the partial differentiations with respect to y and z. 


(2) The quantity evaluated here is used in quantum mechanics, in the context of a particle in a three-dimensional 
box (Book 1 Chapter 3). 


Topic 4 — Integration 


Solution 4.1 (a) In the integral 


L/3 3 
I =i x? sin? (=) dx, 
0 L 


we make the substitution u = 37a/L. 


Then u = 372/L, so x = (L/37) u and dg = (L/37) du. Also, x = 0 corresponds to u = 0 and z = L/3 
corresponds to u = 77, so 


LN? øT LN’ (nm vr 
I= |— 2 sin? = | — —-—-—}. 
(=) f u‘ sin udu (=) (5 z) 


(b) Inthe integral 


OO a2 
J= [. ao dz, 


we can immediately take the constant 1/b? outside the integral to give 


1 2/2 
J=— are? (© dg. 
b2 
—00O 
We then make the substitution u = x/a, so x = au and dx = adu. Also, x = +00 corresponds to u = +00, so 
3 oo 3 
a 2 a T 
J= we™ du = —— 
a Ps 


Comments (1) You should never have to calculate a difficult integral from scratch in this course. If the integral 
looks difficult, ask yourself whether a change of variable will convert it into a known form or whether the integral 
is automatically equal to zero for reasons to be explored in the next exercise (Exercise 4.2). 


(2) Note how the change of variable is accomplished. We first choose a new variable u that is a suitable function of 
x. The choice is made so that our integrand is converted into a multiple of the integrand that appears in a standard 
integral. We then convert the integrand, the limits of integration and the element of integration dx and use the 
standard integral. 


Solution 4.2 Integrals 72, I3, [7 and Ig can immediately be recognized as being equal to zero because they are 
all of the form 


a : hie aes 


where h(x) = —h(—z) is an odd function integrated over a range that is centred on the origin. The remaining 
integrals, J4, I4, I5 and Ię are not of this form and are not necessarily equal to zero. (Depending on the functions 
involved, these integrals could be equal to zero in special cases, but no general conclusions can be drawn.) 


In J, the integrand is an odd function, but the range of integration is not centred on the origin so we cannot claim 
that J; = 0. The remaining integrals are all over a range that is centred on the origin, so these integrals vanish if 
their integrands are odd functions. 


The integrand in J> is odd because it is the product of an even function, f(x), and an odd function, g(x): 

even x odd = odd. Similarly, the integrand in T3 is odd because it is the product of an even function, f?(), and 
an odd function, g(a). The integrand in T4 is not odd; it is the product of two even functions (g?(a) and f(a)) and 
so is itself even. 


8 


The remaining integrands involve derivatives. It is useful to note that the operator d/dx can be regarded as an odd 
operator, playing a similar role to a multiplicative odd function. Explicitly, if f(a) is an even function, then 
h(x) = df(x)/dz is an odd function because 


_df(—a) _ df(x) __df(z) _ 
h(—2) = a de” ae (x). 


The integrand in J; is not odd: it can be regarded as the product of an even function, f(x), an odd operator, d/dz, 
and an odd function, g(a): even x odd x odd = even. Similarly, the integrand in Je is not odd: it is the product of 
an odd function, g(x), an odd operator, d/dz, and an even function, f(a): odd x odd x even = even. 


The integrand in Jy is odd: it is the product of an even function, f(x), an odd operator, d/dx, and an even 
function, f(x): even x odd x even = odd. Similarly, the integrand in Ig is odd: it is the product of an odd 
function, g(x), an odd operator, d/dx, and an odd function, g(a): odd x odd x odd = odd. 


Comments (1) You can save a lot of time by using symmetry to spot definite integrals that are equal to zero. The 
principle used here is well worth remembering — the definite integral of any odd function over a range of that is 
centred on the origin is equal to zero. This method is further discussed in the solution to Exercise 4.6 of Book 1. 


(2) When dealing with products of quantities, note that: 
even x even = even 
odd x odd = even 
even x odd = odd. 


In this context, the first derivative operator d/dx behaves as an odd operator. For example, if f(x) is an even 
function, then d f /dx is odd (formed from one odd thing and one even thing). Similarly, if g(x) is an odd function, 
then dg/dz is even (formed from two odd things). 


Solution 4.3 The volume element in spherical coordinates is r° sin 0 dr d0 dø, so the required volume integral is 


o=2n pO=n pr=R 
r= | f f rsin@ x r? sin 0dr d0 de 
ġ=0 Jo=0 Jr=0 


T R 
= an | sin? 0 d0 | rdr 
0 0 


R! 

=? — — 

TX x a 
n2 R* 
4 


Comment Itis essential to use the appropriate volume element r° sin 0 dr d dø. The factors of r° and dr 
ensure that this has the dimensions of length®, as expected for a volume. Note also that @ ranges from 0 to 7, while 
¢ ranges from 0 to 27. To allow both angles to range from 0 to 27 would double-count the points on the surface of 
a sphere. 


Topic 5 — Matrices 
Solution 5.1 We have 
fa bl jl] _ |a +ib 
a =e dije -afti 
= (a +ib) — i(b + ic) 


=at+c. 


Comment [Itis important to preserve to order of the matrices in a product such as ABC, but we can choose to 
group them either as A(BC) or as (AB)C. 


Solution 5.2 We have 


; | EA ~ p cae ee 2 j ree Wen 


[2s 4 


AB = | 


and 
BA = 1 2 a 1x34+2x1 1x1+2 x (-3) 
= 42 —1||1 -3) [2x34 (-1)x1 2x1+4+(-1) x (-3) 
— {5 —5 
Wee abl? 
so 


5 5) [5 —5 0 10 
ap-Ba=[, s-i E a 


Since this is not equal to the zero matrix, 


i o , the matrices A and B do not commute with one another. 


Comment Some matrices commute with each other, but most do not. The fact that matrices do not always 
commute has important consequences in quantum mechanics, especially for particles like electrons that have spin 
(Book 2 Chapter 2). 


Solution 5.3 For the eigenvalue 9, the eigenvalue equation is 
1 4| la x 
a blob 
Multiplying out the matrices then gives 
x + 4y = 9a 
4x + Ty = 9y 


so y = 2x and a suitable normalized eigenvector for the eigenvalue 9 is 


where the factor 1/v5 ensures that the eigenvector is normalized: 
1 1 


1 I1 2 QQ 
TETEE 


For the eigenvalue —1, the eigenvalue equation is 


i ai=- 


Multiplying out the matrices then gives 


x + 4y = -r 
4x + Ty = —y 
so x = —2y and a suitable normalized eigenvector for the eigenvalue —1 is 


aL | 
vol? 
where the factor 1/1/5 ensures that the eigenvector is normalized: 
1 


ze a] ] =e) 


The two eigenvectors are orthogonal because 


1 1 1 
ao ie 2] =z(-2+2)=0. 


Comment Your choices for the eigenvectors may be different from these: multiplying both components of one 
of our normalized eigenvectors by the same constant factor produces an equally valid eigenvector with the same 
eigenvalue. To preserve normalization, the constant factor would have to be of unit modulus (e.g. —1 or i, or more 
generally etœ where a is real). 
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